A worm gear has the advantages of a large reduction ratio and non-backdrivability. Because of this non-backdrivability, it can maintain a joint angle without energy consumption. Today, many robots have large workspaces that extend into the living spaces of humans, and they are required to work cooperatively with humans. In such cases, backdrivability is necessary to achieve high compliance for robots. Compliance helps robots perform cooperative tasks with humans, and protects its mechanisms and humans in the case of a collision. However, a worm gear cannot be backdriven because of the friction between tooth surfaces. Therefore, we have developed a worm gear mechanism that can switch its backdrivability using vibration that reduces friction. In this paper, we present a dynamic model of the worm gear to analyze the friction-reduction phenomenon caused by vibrations. We discuss the change in the effectiveness of the backdrivability with the change in the vibration direction. Finally, we experimentally confirm the certainty of the analysis.
Introduction
Recently, robots with increased workspaces have been developed, and these robots work in the vicinity of (and together with) humans. Such robots are required to have high compliance for its joints, to avoid unexpected collisions [1] . Moreover, to perform tasks cooperatively with humans, a high compliance is essential for the robots. To perform compliance control, backdrivable mechanisms are typically used and the electric current of the motor is controlled. Some studies insist that electrical control lacks reliability. To achieve better human safety, a study developed a velocity-and contact force-based mechanical safety device [2] . Some studies introduced elastic elements between the actuator and the output joint to achieve better compliance [3] . Pneumatic actuators are also used for improving the compliance of the mechanism [4] . Moreover, soft robotics, in which the whole body of a robot is made from soft materials, is widely studied [5] .
A worm gear has the advantages of a large reduction ratio and being able to hold the output position without energy consumption because of its non-backdrivability [6] . However, mechanisms that use a worm gear do not have compliance, because a worm gear does not have backdrivability. Moreover, because of the non-backdrivability of the worm gear, it requires complicated control methods [7, 8] . If a worm gear that can switch its backdrivability is developed, it can be used for a robot that requires compliance. We have utilized the non-backdrivability of the worm gear to develop some high-speed/ high-torque coexistence devices [9, 10] . If such a backdrivability switchable worm gear were created, we could achieve high compliance on our high-speed/high-torque coexistence devices.
To provide the worm gear with backdrivability, a technique that uses a feedback control based on the measured torque was proposed [11] . However, if back-drivability is provided mechanically, the response and the reliability can be enhanced. Due to the friction between the teeth of the worm screw and the worm wheel, a worm gear cannot be backdriven. A worm gear-like mechanism that introduced rotatable gear teeth to the worm wheel was developed [12] , where the mechanism could be backdriven mechanically but lost the advantage of nonbackdrivability. Moreover, the proposed mechanism was composed of too many parts, which made it expensive for practical use. Therefore, we applied the friction reduction phenomenon by the vibrations [13, 14] to the worm gear. The developed worm gear can switch backdrivability appropriately, and it realized the sensorless high compliance worm gear [15, 16] . In this study, we created a dynamic model of the worm gear, analyzed the friction-reduction phenomenon caused by the vibration, and estimated vibration strength required to obtain backdrivability. Of course, the transmission efficiency is an important factor for a gear mechanism. If the efficiency was considered, we would also need to consider the energy required to generate the vibration and the structural design that had a resonance frequency to vibrate effectively. However, we considered that the proposed mechanism was typically used as a traditional worm gear to utilize its advantage of non-backdrivability, and created backdrivability when needed by applying vibration. In such a case, the term that the vibration was applied was limited, and the transmission efficiency became less important. Therefore, in this paper, we focus on the estimation of the vibration force and the frequency at which the worm gear can obtain backdrivability. Moreover, the difference in the effectiveness of the phenomenon with the difference in the vibration direction is discussed and quantitatively confirmed by the experiment.
The remainder of this paper is organized as follows; "Modeling method of the vibrating worm gear" section discusses the modeling method of the vibrating worm gear, "Theoretical difference of the backdrivability by the vibration direction" section presents the theoretical difference of the backdrivability by the vibration direction, "Experiment" section presents the experimental setup and experimental results, and finally "Discussion and conclusion" section discusses the experimental results and provides conclusions.
Modeling method of the vibrating worm gear
We assume that the worm gear is a simple 6-DOF vibration model, shown in Fig. 1 , to estimate the condition that gives backdrivability to the worm gear. The spring stiffnesses k x 1 , k y 1 , k x 2 , and k z 2 are perpendicular to the axes of the worm wheel and the worm screw. They are assumed to be the stiffness of the simply supported beam as shown in Fig. 2a . k z 1 and k y 2 are the spring stiffnesses in the axial directions of the worm wheel and the worm screw, respectively. If the spring stiffness is assumed to be the stiffness of the compressed shaft, as shown in Fig. 2b , the spring stiffness becomes too large; thus, we introduce an additional spring, as shown in Fig. 2c .
The spring stiffness perpendicular to the axis can be calculated from the displacement of the axis when a force is applied at the center of the axis. Let F, F/2, E, I, A, and δ be the given force at the center of the axis, reaction force at both ends of the axis, Young's modulus, second moment of area, the cross-sectional area, and displacement, respectively. If the length from the end of the axis to the arbitrary point X is defined as x, the bending moment due to the reaction force about the center of the axis would be M (x) = Fx/2 . Using M (x) in the elastic curve equation produces Eq. (1). Integrating Eq. (1) and using the boundary condition δ (0) = δ (l) = 0 and dδ (l/2) /dx = 0 , δ (x) is obtained (2) . (2) results in δ (l/2) ; spring stiffness of the axis K P = F /δ (l/2) is also obtained.
Spring stiffness in the axial direction (which is defined by the spring) is shown in Fig. 2c .
Theoretical difference of the backdrivability by the vibration direction
In this study, we used vibrations to achieve friction reduction in the worm gear. There are two types of friction reduction phenomena. The first type is caused by the jumping of the tooth surface of the worm gear by the vibration, which generates periodic conditions of contact and non-contact, and during the non-contact condition, it loses friction. The second type is caused by
the vibration (oriented parallel to the lead angle), which exceeds the friction force. In the article [15] the bearings that hold the shafts of the worm gear are held by the rubber parts, and the shafts can vibrate in all directions. However, the vibration that changes the length between the shafts of the worm screw and the worm wheel is not recommended, because it significantly displaces the contact point from the pitch circle of the gear. Moreover, such motion causes a misalignment of the axes of the shafts. Therefore, in this paper we will discuss the vibrations caused in the direction of the axis of the worm screw and of the worm wheel [16] , as such vibrations do not cause a change in the gap of the gear shafts. The specifications of the worm gear (composed of a worm screw and a worm wheel) are shown in Table 1 . We assembled the worm gear, and a pulley was installed to the shafts of both the worm screw and the worm wheel. First, a weight was hung on the pulley of the worm wheel to generate a contact force between the worm gear teeth. Next, the mass of the weight hung from the worm screw was increased slowly, and the weight initiated rotation of the worm gear was measured. Accordingly, we obtained the coefficient of static friction µ shown in Table 1 .
Vibration in the direction of the worm screw axis
We consider the vibration that acts on the axis of the worm screw S y , as shown in Fig. 3a . The weight of the worm wheel, the worm screw, and the exciting force are M W , M S , and f sin ωt , respectively. Theoretically, the x and z components of the force are also generated by the contact force of the gear teeth. However, they are smaller than y components of the force, because the lead angle of the worm gear is small. To simplify the analysis, we considered only the spring stiffness k y1 and k y2 . If the worm wheel and the worm screw are in contact in the static friction condition, they vibrate as a single body by the shaft of the worm wheel, bending by the motion shown in Fig. 2a . Therefore, the equation of the motion can be written as shown in Eq. (5), and the displacement y can be calculated.
The exciting force f sin ωt and the restoring force of spring stiffness k y2 are applied to the worm screw. From Eq. (5), the force F Sy that is applied to the y axis of the worm screw by the vibration, except for the force that is applied from the worm wheel via the gear tooth, can be calculated as follows.
This F Sy becomes an applied force to the contact point by the worm screw.
We now consider the forces generated between the teeth of the worm wheel and the worm screw. The tooth surface is inclined by the lead angle and the pressure angle. To simplify the analysis, we consider only the lead angle γ , which has a significant effect on the friction of the teeth. Figure 3b shows the worm gear observed along the x axis. Another figure that removes the worm screw so that the contact point of the teeth can be seen is also shown. If torque is applied to the worm wheel shaft, a pushing force F is generated on the gear teeth via the worm wheel. This F becomes an applied force to the contact point by the worm wheel. Therefore, the contact point of the gear tooth is applied both forces of F Sy and F.
Moreover, the worm screw can rotate around its axis, thus, if the amplitude of the vibration is small, the motion of the contact point can be considered as the motion on the yz plane. If we fix the coordinate system to the worm wheel, F relatively behaves as a force that is applied to the worm screw in the opposite direction. Therefore, the worm screw can be treated as an object on which a force of F acts while it rests against a surface inclined at γ , as shown in Fig. 3c . Of course, F includes both forces generated by spring k y 1 and the torque applied to the worm wheel. However, if the amplitude of the vibration is small, F is dominated by the force generated by torque T rather than the force generated by spring k y 1 . Therefore, we assume F as constant to simplify the equation.
By this simplification, F can be treated similar to a force generated by the gravitational acceleration, as shown in Fig. 3c . Because the pressing force caused by the vibration applied via the worm screw is F Sy , the normal force N of the gear tooth surface is obtained as follows:
Here, when N = 0 , the teeth are in the non-contact condition, which means the teeth are on the verge of losing contact and begin to jump. We define as � = F Sy /F . Therefore, if = 1 the teeth begin to jump.
Next, we consider the force F r that is parallel to the inclined surface and obtain the condition in which the gear teeth begin to slip. Let the coefficient of friction be µ ; F r that is calculated as follows. Figure 3 shows the condition in which the worm screw and the worm wheel move in unison without slippage. Therefore, (F − F Sy ) sin γ < µN , F r < 0 , and the arrow representing F r is in the negative direction.
Here, we define � r = F r /F. Therefore, in case of r = 0 , the teeth of the worm gear begin to slip. This means that when = 1 that is the same as the condition the worm gear starts jumping. Therefore, in this case, the teeth begin to jump at the same time that they begin to slip. According to the above results, when the force F Sy is applied by the vibration to make � > 1 , the gear teeth begin to jump and lose contact periodically; thus, there will be a decrease in friction force, and backdrivability is expected.
Vibration in the direction of the worm wheel axis
We consider the exciting force f sin ωt that is applied to the axis of the worm wheel W z , as shown in Fig. 4a . Similar to Eq. (5), if the worm wheel and the worm screw are in contact in the static friction condition, they vibrate as a single body. The equation of motion can be described as shown in Eq. (11), and the displacement z can be calculated.
The force generated between the gear teeth is shown in Fig. 4b, c . In this case, the worm wheel is placed on the inclined surface representing the worm screw and vibrated in the horizontal direction. The exciting force
f sin ωt , the restoring force due to the spring constant k z1 , and the z element of the friction force µN cos γ act on the worm wheel. The applied force to the worm wheel in the z direction F Wz , except for the force applied from the gear teeth, is calculated as follows;
In comparison with Eq. (6), in this equation, we need to consider the friction force. Thus, the contact force N should be included, but it is still not obtained. Similar to Eq. (7), from F that is applied force to the gear tooth via the worm screw and F Wz , the normal force N can be obtained as follows.
In this case, if N = 0 , the teeth are on the verge of losing contact and begin to jump. If is defined as � = F Wz /F , the condition in which the gear teeth begin to jump is obtained.
Next, we consider the force F r that is parallel to the inclined surface, and obtain the condition in which the teeth of the worm gear begin to slip. The force F r that is parallel to the lead angle is calculated as follows.
We define � r = F r /F, In this equation, when F r = 0 or r = 0 , the worm screw can begin to rotate because of the force applied by the worm wheel. Thus, the condition , where the teeth of the gear begin to slip, is obtained.
Therefore, when the conditions of Eq. (14) or Eq. (18) are satisfied, the worm gear achieves backdrivability. Now, the condition that is satisfied faster is considered. The specifications of the worm gear are shown in Table 1 . Using the lead angle γ = 7.18 • and the friction coefficient µ = 0.175 in Eqs. (14) and (18), � > 7.94 and � > 0.05 can be obtained respectively. Therefore, when the vibration is added to the axis of the worm wheel W z , the backdrive is created by the slippage.
Finally, we compare Eqs. (7), (10), (14) and (18). In these equations, is the ratio of the exciting force F z to the pushing force F between the gear teeth generated by the torque of the worm wheel. Therefore, when the exciting force is added to the axis of the worm wheel, it can be backdriven by a smaller exciting force.
Experiment

Experimental setup
To confirm the above-mentioned theory, we performed experiments.
The experimental setup to vibrate the worm screw axis is shown in Fig. 5 . To reduce the worm screw stiffness in the axial direction, the shaft is passed through the linear bushes and supported by the spring. The stiffness of the worm wheel shaft is calculated as a beam supported at both ends. The pulley is attached to the shaft of the worm wheel via a coupling. By hanging a weight to the pulley, a torque can be imparted to the worm wheel.
The experimental setup to vibrate the worm wheel axis is shown in Fig. 6 . To reduce the worm screw stiffness in the axial direction, the shaft is passed through the linear bushes and supported by the coupling. In In both experiments, a solenoid is used to generate the exciting force. The specifications of the worm gear are shown in Table 1 . The weights of the worm gear, including those of the shafts and the stiffness of the shafts, are shown in Table 2 . The diameter of the pulley that is attached to the worm wheel shaft is 20 mm, the same as the reference diameter of the worm wheel. Therefore, the hung weight and the force applied to the worm wheel tooth become the same. The pulley is connected to the shaft of the worm wheel via a coupling; thus its weight does not affect M G .
Measurement of the exciting force
The solenoid used to generate the exciting force generates a counter electromotive force when the direction of the current is changed. If the frequency becomes high, it may not generate enough exciting force. Therefore, we measured the relationship of the voltage, frequency, and exciting force of the solenoid. The experimental setup is shown in Fig. 7 . To drive the solenoid, we used a motor driver powered by pulse width modulation (PWM). The shaft of the solenoid is pushed against the center of a both-ends-supported leaf spring. The pushing force is measured by the strain gauge attached to the leaf spring. The strain gauge measures the force as a sine wave, and the maximum value of the force is the exciting force f.
While maintaining the arbitrary frequency of the PWM, the voltage is increased in intervals of 5 V from 0 to 30 V, and f is measured. The voltage V and exciting force f are plotted on a graph and their best fit curves are determined. We conducted this experiment at PWM with frequencies of 10, 30, and 50 Hz. The results are shown in Fig. 8 . The determined best fit curves are also shown in the graph. Only in the results of the PWM at 30 Hz could linear approximation not be used. However, we used this data for the following experiment. The results show that when the frequency becomes high, the exciting force f of the solenoid becomes small.
Theoretical value of the exciting force for back drive
From the values shown in Table 2 and the conditional expressions shown in the chapter titled "Modeling method of the vibrating worm gear", the required exciting force for achieving backdrivability can be obtained. Figure 9 shows the flow chart for obtaining the theoretical value of the exciting force f ref . The displacement of the vibration is obtained from the motion equation of the whole worm gear mechanism. From the obtained value, the forces applied to the gear ( F Sy and F Gz ) are calculated. These are then substituted for the conditional expressions to evaluate whether the gear can be backdriven or not. If not, the exciting force is increased to obtain one that satisfies the conditional expressions. At the frequencies of 10, 30, and 50 Hz with the pushing force of the gear teeth F in the range of 1-10 N, we obtained each required exciting force along the worm screw axis and worm wheel axis.
Measurement of the required exciting force for back drive
We measured the required exciting force by the experimental setup shown in Figs. 5 and 6. A weight is hung from the pulley of the worm wheel shaft to apply a pushing force on the worm gear teeth. The solenoid is driven to apply the exciting force to the shaft, and the applied voltage of the solenoid is increased. If the worm gear starts to backdrive, the applied voltage is recorded. From  Fig. 8 , the exciting force f can be obtained. The procedure is repeated at the frequencies of 10, 30, and 50 Hz with the pushing force of the gear teeth F increased in 1 N steps from 1 to 10 N. The experimental data and theoretical values are shown in Fig. 10 .
In the case where the exciting force is applied to the shaft of the worm wheel, the experimental data are well matched to the theoretical values. On the other hand, when the exciting force is applied to the shaft of the worm screw, only some of the experimental values are similar to the theoretical values, thus showing different behavior. In theory, we considered that backdrivability can be obtained when the worm screw and the worm wheel lost their contact. However, in the actual motion, if the gear teeth are separated, the worm screw cannot Fig. 8 Relationship between the pushing force and the frequency of the solenoid and their approximate expressions rotate naturally. When the gear teeth make a collision after the jump, the gear teeth are bounced against other, which rotates the worm screw slightly. Thus, if the height of the jump is large, it bounces several times and it makes backdrivability easy. On the other hand, if the jump is small, the teeth become a single body without bounce. 10 Vibration force that gives backdrivability to the worm gear mechanism at each contact force between the worm screw and the worm wheel Therefore, the inclination of the experimental data may be lower than the theoretical data. Moreover, when the frequency is high the worm screw can rotate continuously, but when the frequency is low, the worm screw stops its rotation during its teeth contacting term, and is required to accelerate at every collision. We considered that this is the reason why the required exciting force in the experiment at 10 Hz is larger than the theoretical value. When the exciting force is applied to the shaft of the worm wheel, such discontinuous jumping motion does not occur, and it is well matched to the theoretical value. From these results, we consider that it is better to apply the exciting force to the shaft of the worm wheel.
Apparent coefficient of dynamic friction and torque transmission ratio
In the former experiment, no torque was applied to the worm screw. However, when the proposed gear mechanism is practically used, torque is applied to the shafts of both the worm screw and the worm wheel. Thus, we attached a pulley to the shaft of the worm screw, applied torque to the shafts of both the worm screw and the worm wheel, and measured the transmission torque when it was backdriven by applying the exciting force to the shaft of the worm wheel. To obtain enough backdrivability, the applied frequency and voltage of the solenoid were 30 Hz and 30 V, respectively. The diameter of the additional pulley attached to the worm screw was 20 mm. The weight hung on the pulley of the worm screw was 0.1 N steps from 0.1 to 1 N. Once weights were hung on both pulleys for balance, the weight hung on the pulley of the worm wheel was increased in 1 N steps, and the weight at which the worm gear started to backdrive was measured. By assuming dynamic friction as µ k , we obtained the transmission ratio theoretically. F and F n can be calculated.
where T G and D G are the applied torque to the worm wheel and the reference diameter of the worm wheel, respectively. Thus, the transmit torque from the worm screw to the worm wheel can be obtained.
where D S is the reference diameter of the worm screw. We obtained the apparent coefficient of dynamic friction from the experimental results, as shown in Fig. 11 . The theoretical values in the cases of the coefficient of dynamic friction are 0.175 (the same as the coefficient
of static friction) and 0, as shown in the graph. A line is also shown that indicates the transmission ratio, calculated from the gear ratio of 10, is 100 %. We can confirm that when µ k = 0.175 it cannot be backdriven, and the transmission ratio of the experimental values are less than the theoretical value of µ k = 0 . From the results, we can obtain the apparent coefficient of dynamic friction as 0.022, and its torque transmission ratio is 71 %.
Discussion and conclusion
In comparing the exciting forces applied along the worm screw axis and worm wheel axis, the force applied to the worm screw was found to be larger. This result was the same as the theoretical result. The experimental results and theoretical results when the exciting force was applied to the worm wheel were well matched. Regretfully, the behaviors of the experimental results and theoretical results when the exciting force was applied to the worm screw axis were different. We considered that the difference was due to the discontinuous jumping of the gear teeth. In the range of the conducted experiment, when the exciting force was applied to the worm wheel axis at the frequency of 30 Hz, it could be backdriven by the smallest exciting force. From the theoretical equation, we considered that the backdrivability was not influenced by the vibration frequency. However, the experimental results when the exciting force was applied to the worm screw axis demonstrated that if the frequency was low, the required exciting force is increased. Moreover, if the frequency become high, the solenoid could not generate sufficient exciting force. Therefore, in the future, we intend to use actuators that can apply a large exciting force with high frequency (such as a piezo actuator) to extend the experimental range. In this paper, we only focused on the required exciting force that the worm gear could obtain for backdrivability. Moreover, in the experiment, we observed not only that the weight hung on the pulley 
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Transmission ratio is 100% (Reduction ratio is 10) Fig. 11 Torque transmission ratio when the exciting force is applied to the shaft of the worm wheel attached to the worm wheel shaft could start to drop by applying the exciting force to the worm gear, but also that the weight sometimes did not accelerate and drop at a constant velocity. This means that to predict the behavior during backdriving, we need to create another dynamic model that includes a viscosity effect. We consider this to be another future work.
